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5. EXTENDED ABSTRACT

Introduction

The outbreak of the novel coronavirus (COVID-19) has prompted researchers
worldwide to develop accurate and efficient models to predict and understand its dynamics.
Mathematical models play a crucial role in simulating the spread of infectious diseases and
testing possible intervention strategies. This study introduces a nonlinear model for COVID-
19 transmission involving seven population classes—Susceptible, Exposed, Quarantined,
Asymptomatic, Symptomatic, and Removed individuals—using a system of coupled ordinary
differential equations (ODEs). The model is solved using a heuristic numerical technique
based on Scaled Conjugate Gradient Neural Networks (SCGNNs).

Methodology

The model consists of a nonlinear ODE system formulated to describe the interaction
and progression between population classes. The SCGNN approach, a neural network-based
solver, was employed for its robustness in handling nonlinear problems. The model was
tested with three different initial condition scenarios while keeping parameters constant.

To evaluate the performance of the SCGNNSs, the dataset was split into:
¢ 70% for training,
¢ 16% for testing, and
¢ 149% for validation.

The model’s effectiveness was assessed via Mean Squared Error (MSE), error histograms,
regression analysis, and comparison with benchmark solutions (Runge-Kutta method).

Results

Numerical simulations for the three scenarios yielded highly accurate predictions with
minimal absolute errors (AE), as visualized in the figures below:
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Figure 2. Regression and Error Histograms
o Absolute Errors ranged between 10™* and 1078 depending on the class and case.

These figures confirm high correlation and minimal prediction errors across all population
classes.

Discussion

The SCGNN approach demonstrated exceptional performance in solving the COVID-19
nonlinear model. Compared to traditional numerical solvers, it offered fast convergence,
reliable accuracy, and was adaptable to various initial conditions. The minimal absolute
errors indicate that the model can be confidently used for forecasting and strategic planning.

Moreover, the model captures essential epidemiological behaviors by accounting for
both asymptomatic and symptomatic transmissions. This enhances its applicability in public
health policy modeling.

Conclusion



This study successfully models the COVID-19 transmission dynamics using SCGNNs. The
approach provides high accuracy, reliability, and computational efficiency in solving
complex nonlinear systems. The method is validated against known numerical techniques
and shows potential for broader applications, including fractional-order models or other
infectious diseases.
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ARTICLE INFO ABSTRACT

Keywords: In this study, the nonlinear mathematical model of COVID-19 is investigated by stochastic solver using the scaled
Nonlinear conjugate gradient neural networks (SCGNNSs). The nonlinear mathematical model of COVID-19 is represented
COV'D'_19 by coupled system of ordinary differential equations and is studied for three different cases of initial conditions
(S?:;:anr:ugate gradient with suitable parametric values. This model is studied subject to seven class of human population N(t) and in-
SCGNNS dividuals are categorized as: susceptible S(t), exposed E(t), quarantined Q(t), asymptotically diseased Ia(t),

symptomatic diseased Is(t) and finally the persons removed from COVID-19 and are denoted by R(t). The sto-
chastic numerical computing SCGNNSs approach will be used to examine the numerical performance of nonlinear
mathematical model of COVID-19. The stochastic SCGNNs approach is based on three factors by using procedure
of verification, sample statistics, testing and training. For this purpose, large portion of data is considered, i.e.,
70%, 16%, 14% for training, testing and validation, respectively. The efficiency, reliability and authenticity of
stochastic numerical SCGNNs approach are analysed graphically in terms of error histograms, mean square error,
correlation, regression and finally further endorsed by graphical illustrations for absolute errors in the range of
107 to 10797 for each scenario of the system model.

Numerical results
Runge-Kutta scheme

1. Introduction vomiting. The HIV/AIDS [2] is another infectious disease whose first

case was reported in 1976 at Democratic Republic of the Congo.

The humanity always encountered numerous challenges and diffi-
culties in different forms like, earthquakes, destructive floods, climate
changes, infectious diseases, world wars, which seriously affected the
people’s lives and civilizations. Among these challenges the infectious
diseases remain always huge challenge for humanity, which seriously
affected the economies of many countries, education sector and tourism
industry. History is full of such challenging diseases like fever caused by
dengue virus [1]. The dengue fever widely spread in many countries and
affected many people around globe. Every year many people admitted in
hospitals due to dengue fever and most common symptoms of dengue
virus include high fever, pain in joints and muscles, headache and

* Corresponding author.
E-mail address: r.mosa@zu.edu.eg (M.R. Ali).

https://doi.org/10.1016/j.enganabound.2022.10.033

Currently more than 31 million people around the globe are existing
with HIV. Currently due to the awareness and developments of new
treatments now HIV is somehow controllable disease. Some other deadly
diseases in human history include Ebola, Lassa, Cholera, Influenza,
Malaria, Smallpox, Bubonic plague [3].

Recently the world is facing another deadly novel virus known as
Coronavirus. A novel Coronavirus is high transmittable and very
dangerous virus, whose first case was reported in Wuhan city of China in
December 2019 and rapidly spread around the globe [4]. This novel
virus has badly affected routine life of the people and slows down the
global economy [5-7]. The very large number of peoples died due to

Received 28 February 2022; Received in revised form 23 October 2022; Accepted 27 October 2022

Available online 31 October 2022
0955-7997/© 2022 Published by Elsevier Ltd.


https://doi.org/10.1016/j.enganabound.2022.10.033
mailto:r.mosa@zu.edu.eg
https://doi.org/10.1016/j.enganabound.2022.10.033
http://crossmark.crossref.org/dialog/?doi=10.1016/j.enganabound.2022.10.033&domain=pdf
http://www.sciencedirect.com/science/journal/09557997
https://www.elsevier.com/locate/enganabound

Z. Sabir et al.

coronavirus disease and so for many variants of this virus has been
discovered. The most common symptoms of COVID-19 contain dry
cough, headaches, fever, sore throat and runny nose, shortness of breath.
The coronavirus transmitted from people to people due to close contact
and spreads rapidly which create degree of fear, worry and concern for
every people, especially those having medical problem like cardiovas-
cular disease, respiratory problems, cancer, diabetes and people of older
age. The COVID-19 also creates mental and neurological complications
such as stroke, agitation and delirium [8-10] among many people. The
effective measures are urgently needed to control the further spread of
this virus otherwise many problems like poverty, shortage of food,
human loss and unemployment will further increase in future. Many
countries impose lockdown and advise their peoples to wear mask, keep
social distancing, avoid public gatherings, wash their hands regularly
and so on [11] so that further spread of virus can be controlled. The
COVID-19 badly affected the economies of many countries [12-14] and
to avoid further losses proper and effective vaccine is urgently needed.
Thus, it is primary responsibility of researchers to design the math-
ematical models and examines the dynamics of coronavirus and presents
their recommendations to control the further spread of this novel virus.
In this connection many linear and nonlinear mathematical models
[15-19] has been derived for novel COVID-19 to analyze it dynamics. In
order to investigate the effects of different physical parameters in
COVID-19 model different approaches has been used. In [20] the au-
thors studied the COVID-19 mathematical model based on four classes
namely, susceptible, healthy, infected and quarantine. The lyapunov
function theory and linearization approach has been used for analyzing
the stability of possible equilibrium states. In addition to these numer-
ical simulations are also carried and found it good agreement with ob-
tained results. The stability of SIQR epidemic model and its bifurcation
value has been studied by using Routh-Hurwitz criterion in [21].
Furthermore, SIQR model also been studied by different numerical
methods. It has been found that nonstandard finite difference scheme
preserves all important conditions of SIQR model while others fail to
preserve its conditions. In [22] authors studied non-integer order de-
rivative mathematical model for novel COVID-19. The Fractional Euler’s
method has been used to obtain the numerical results of model. It has
been observed that stability occurs rapidly for smaller fractional orders.
In addition to this, authors also compared obtained simulations with real
data of and found very close to obtained solutions. The qualitative
analysis of non-integer mathematical model of COVID-19 has been
presented in [23]. The uniqueness and sufficient conditions for existence
of the model has been constructed by fixed point theory. Authors also
used Laplace transform method together with Adomian decomposition
method to construct approximate solutions and finally simulations also
presented to support the obtained results. In [24] the authors studied
mathematical model of novel COVID-19 via Levenberg-Marquardt arti-
ficial neural network (LMANNS) approach. The model derived in
nonlinear coupled system of ordinary differential equations with
different classes. The derived dataset utilized for training, validation and
testing process. The reliability of design LMANNS has been achieved in
terms of mean squared errors, error histograms and regression via
graphical illustrations. The stochastic numerical approach has also been
used to study the HIVV mathematical models in [25-27]. In [28] authors
used Morlet wavelet neural network (MWNN) approach to investigate
second order Lane-Emden equation. In [29] authors studied fourth-order
multi-singular nonlinear Emden—Fowler mathematical model by
employing artificial neural network (ANNS) in combination of the global
application of particle swarm optimization (PSO) enhanced by local
search active set (AS) approach i.e. (ANN-PSO-AS). The effectiveness of
applied approach has been verified by comparing with true results.

Al algorithm based stochastic numerical/optimization solvers have
been implemented recently in different domain of applications including
intelligent networks for solving the nonlinear chaotic fractional Rossler
system [30], mathematical model for entropy generation in Ree-Eyring
dissipative fluid flow [31], food chain models [32-33], Hall effects on
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Table 1
Physical parameter and their description [40].

Parameter Description

Rate of Mortal recruitment

Transmission rate from susceptible persons to quarantine persons

Rate of natural mortality

Rate of interaction among susceptible and exposed persons

Transmission rate of exposed to quarantine persons

Transmission rate between exposed to symptomatic diseased persons

Rate of transfer from exposed persons to asymptomatic persons

v Transmission rate between quarantined to symptomatic diseased
persons

0 Transmission rate between quarantined to asymptomatic diseased

persons

Rate of recovered persons from asymptomatic diseased

Rate of recovered persons from symptomatic diseased

3 Rate of mortality in symptomatic diseased persons

MHD Jeffrey fluid flow model [34], mathematical model for the waste
plastic management in ocean [35], fractional Bagley—Torvik mathe-
matical model [36], fluidic system involving carbon nanotubes [37],
thermal explosion theory [38], and stochastic numerical solution of the
computer virus propagation with countermeasures model. [39]. Keeping
in view of these studies of paramount significance, the aim of presented
research work n this paper is to implement/investigate in Al based
approach via scaled conjugate gradient neural networks (SCGNNSs) for
prediction of the solution for the nonlinear mathematical model of
COVID-19. The SCGNNSs approach has been used to compute the nu-
merical results for proposed mathematical model. The correctness and
efficiency of SCGNNs approach to investigate nonlinear mathematical
models is analysed with sufficient number of graphical illustrations as
well as numerical analysis.

This paper is arranged as follows. The nonlinear mathematical model
with associated initial conditions is presented in Section 2. The proposed
methodology is given in Section 3 and graphical illustrations of nu-
merical results are also discussed in this Section. Finally, the conclusion
is presented in Section 4.

2. Mathematical model

This section presents the nonlinear mathematical model of COVID-
19 subject to the suitable initial conditions. The mathematical model
of COVID-19 is represented by system of nonlinear ordinary differential
equations and this model is based on seven classes of human population
N(t) and is given as: N(t) = S(t) + E(t) + Q(t) + Ia(t) + Is(t) + R(t), where
S(t) represents susceptible persons, the class of exposed persons is
denoted by E(t) and the persons quarantined due to COVID-19 are rep-
resented by Q(t) whereas I(t) represents asymptotically diseased per-
sons and similarly symptomatic diseased persons is denoted by Is(t) and
finally R(t) represents the class of persons removed from COVID-19.
Thus based upon these classes we have following nonlinear system of
ordinary differential equations with suitable initial conditions given as
under [40]:

gs dtt = A— (r + w)S(t) — ASCOEC), $(0) 2 0

%tﬁ = BSEM) — (y +u+n+0)E(),  E(0) 20,
{ d?fe = 18(t) + yE(t) — (u + v + 0)Q(t),  Q(0) 2 0,
| diat) = oE(t) + 60(t) — (u + 1 I (1), 1 (0) 20, @
| dt 1 A A
[ d1s(t) = nECt) +0Q() — @+ +1 )1 (©), 1(0) 20,

dt 2 S S

! drR(t)
L G = Tl + IO — HRG), R(0) 20,
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Fig. 1. Workflow illustrations of the SCGNNSs to study the mathematical of COVID-19.

The physical parameters of nonlinear mathematical model of COVID-
19 pandemic as portrayed in set of equations (1) are taken from reported
study [40] and defined in Table 1.

We have considered the following suitable parametric values to
study the nonlinear mathematical model given in Eq. (1) and are given
as under:

A=02 7=01, =03, =01, 6=0.14, y=015 =025 o
=035 0=04, v=012,1r, =035 r,=045
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The necessary justification along with theoretical convergence proof
of the values of parameters in terms of global and local stability index is
provided in reported [40] while the mathematical model given in Eq. (1)
with above parametric values becomes as under:
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@
Furthermore, The viable, robust and stable performance of proposed
integrated intelligent networks via scaled conjugate gradient neural
networks (SCGNNS) is analyzed in case of sundry scenarios of nonlinear
mathematical model of COVID-19 pandemic as portrayed in set of Egs.
(1-2) for three different set of the initial conditions while the parameter
values are remained fixed as given in reported study [40] as given
below:

Case I: S(0) = 01, E(0) = 0.15, Q) = 0.2,
1A(0) = 0.25, 15(0) = 0.3, R(0) = 0.35

Case 11:5(0) = 0.15, EQ0) = 0.2, Q(0) = 0.25,
1a(0) = 0.3, 15(0) = 0.35, R(0) =04

Case 111:5(0) = 0.2, E(0) = 0.25, Q(0) = 03,
1A(0) = 0.3, 15(0) = 0.4, R(0) = 0.45

In next section we will provide methodology to study nonlinear
model subject to three different cases of initial conditions.

Hidden

Input

16

3. Methodology: SCGNNs

This section presents the methodology to investigate the nonlinear
mathematical model of COVID-19 given in Eq. (2) subject to three
different cases of initial conditions along with suitable values of
different physical parameters. For investigating the nonlinear mathe-

matical model of COVID-19 the scaled conjugate gradient neural net-
works (SCGNNs) approach has been used. The numerical stochastic

SCGNNs approach has great capability to solve large class of (non)linear
mathematical models of different fields. In this study, we used SCGNNs
approach to compute the numerical performance of nonlinear mathe-
matical model of COVID-19 based on three factors including sample
statistics, testing and training. For this purpose the statics considered as
70%, 16% and 14% for training, testing and validations respectively. In
addition to this, the effectiveness of numerical stochastic SCGNNs
approach to investigate the nonlinear mathematical models has been
analyzed graphically by using different graphs of like, error histograms,
mean square error, correlation and regression and graphs for absolute
errors are also drawn. Some important features of numerical stochastic
SCGNNs approach to study the nonlinear mathematical models are
given as under:

The stochastic SCG approach together with artificial neural NNs has
never been used before this to investigate COVID-19 nonlinear
mathematical model.

e The effectiveness and correctness of the SCGNNs approach to
investigate nonlinear mathematical model of COVID-19 is verified by
Runge-Kutta scheme.

e The efficiency and authenticity of stochastic numerical SCGNNs

approach to study the nonlinear mathematical model of COVID-19 is

witnessed the through graphs of negligible absolute error (AE).

In addition to this, the reliability of designed SCGNNSs approach to

deal nonlinear mathematical model of COVID-19 has also been

Output

Fig. 3. SCGNNs for nonlinear system with 16 neurons.
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Fig. 4. MSE and STs to investigate the proposed mathematical model of COVID-19.

analyzed through the graphs of regression, EHs, correlation, MSE and
STs.

e Furthermore, numerical stochastic SCGNNs approach can also be
applied to investigate (non)linear mathematical models of with
fractional order as well.

Fig. 1 represents an appropriate optimization flow chart with multi
neuron model based on stochastic numerical SCGNNs approach to
investigate the nonlinear mathematical model of COVID-19. This flow
chart shows that, in first step necessary performance by using stochastic
SCGNNs will be carried out, and in next step numerical simulations will
be drawn. The single neuron structure is presented in Fig. 2. The statics
is 70%, 16% and 14% for training, testing and validation is used for
investigating the COVID-19 nonlinear mathematical model. The label
data is used for training samples, i.e., inputs with prior known targets,
for formulations on the networks by optimization of mean square error
(MSE) based figure of merit. While for both testing and validation
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samples unlabelled data is used, i.e., inputs without prior knowledge of
target, in order to access the performance of proposed scaled conjugate
gradient neural networks fo solving nonlinear mathematical model of
COVID-19 pandemic as portrayed in set of equations (1). In this work,
the numerical results of proposed system are achieved by utilizing 16
neurons by using stochastic SCGNNSs approach and are structured in
Fig. 3.

In Fig. 3, the neural networks structure is depicted in terms of inputs,
i.e., vector representing the grid of inputs time t that is independent
variable of the system (1), output, i.e., matrix represented the approxi-
mate solution for 6 different classes as portrayed in system (1), hidden
layers operated with 16 neurons and log-sigmoid based activation/
transfer function, backpropagation algorithm of Levenberg Marquardt is
exploited for learning. Moreover, all these parameter set with care to
avoid the degradation of the results due to over/underfilling of the
networks.
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Fig. 5. Valuations and EHs to investigate the proposed mathematical model of COVID-19.

4. Numerical experimentation with interpretations

The numerical simulations to examine the proposed mathematical
model of COVID-19 by using stochastic SCGNNs approach are presented
in Figs. 4—7 and are illustrated for three different cases of initial con-
ditions. Fig. 4 represents the STs and MSE performance to investigate the
COVID-19 nonlinear mathematical model. The Figurers 4(a-c) depicts
the illustrations of best curve, verification, training, and testing by MSE,

whereas Fig. 4(d-f) represents the STs best values for solving the
nonlinear mathematical model of COVID-19 at the epochs 37, 62 and 46
for three different cases of initial conditions respectively. Fig. 4(a-c)
depicts that the best validation performance values for solving nonlinear
COVID-19 mathematical model for three different cases are 2.7828 x
1070 6.04 x 10 and 1.3799 x 107° respectively. Furthermore, Fig. 4
(d-f) represents the gradient measures values as 9.7088 x 10, 9.7414
x 10 and 9.7362 x 107 for first, second and third case of respectively

Table 2
Statistical measures for the proposed model.
Case MSE Performance Gradient Mu Epoch Time
[Training] [Verification] [Testing]
1 2.060 x 101 2.782 x 1010 1.44 x 10— 2.06 x 10710 9.71 x 107 1.0 x 10710 37 1
2 5.549 x 10— 6.039 x 10— 9.18 x 10~ 5.55 x 10~ 9.74 x 107% 1.0 x 10710 62 1
3 6.593 x 10— 1.379 x 107 3.63 x 101 6.59 x 10~ 9.74 x 107 1.0 x 10— 46 1
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for solving nonlinear mathematical model of COVID-19. The efficiency
and exactness for solving the nonlinear models by stochastic SCGNNSs is
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Fig. 6. Comparison of the result to investigate proposed mathematical model of COVID-19.

witnessed by these obtained results.

The Fitting and error histograms EHs for solving nonlinear mathe-
matical model by the approach of SCGNNSs are illustrated in Fig. 5. Fig. 5
(a-c) depicts the training, validation, test target error and fit relationship
for each case of initial conditions. However, it can easily observed from
Fig. 5(d-f) that EHs values i.e. zero error occurs at 1.8 x 10, 3.22 x 10°
97 and 1.11 x 10 for first, second and third case respectively for
considered nonlinear mathematical model. Furthermore, the statistical
values for training, verifications testing and performance for each case is

presented in Table 2 as under:
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Finally, the graphical illustration for comparison and absolute error
AE are drawn in Figs. 6 and 7, respectively for each case to study the
proposed mathematical model of COVID-19. The authenticity and effi-
ciently of stochastic numerical SCGNNs approach to examine the
nonlinear mathematical model of COVID-19 is clearly depicted in graphs
drawn for AE. The graphs drawn in Fig. 6 depict the matching of pro-
posed and reference results that justify the authenticity and exactness of
designed stochastic SCGNNs approach for solving nonlinear mathe-
matical models. In this study, nonlinear mathematical model of COVID-
19 has been studied seven different classes of human population subject
to three different initial conditions.

The AE for each class and each case of nonlinear mathematical model
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Fig. 7. AE to investigate proposed mathematical model of COVID-19.

are illustrated in Fig. 7. It can be observed from Figure 8(a) that for
susceptible individualsS(t) the AE lies between 107 to 107%, 10~% to
107% and 107% to 107, for first, second and third case of initial
conditions respectively. Fig. 7(b) depicts the AE based exposed indi-
vidualsE(t) lies between 107% - 107%, 107% - 107%" and 107% - 107%
for first, second and third case respectively. The AE for quarantined
individuals Q(t) is drawn in Fig. 7(c) and it can be observed that the AE
for each case lies between, 107 to 10, Fig. 7(d) is drawn to show the
AE for asymptotically infected individualsla(t) and AE lies between,

107% to 107, 107% to 10~ and 10~ to 10—, for first, second and
third case respectively for nonlinear mathematical model of COVID-19.
Similarly, Fig. 7(e) is drawn to depict the AE for symptomatic infected
individualsls(t) and AE values lies for 1074 to 10™%, 10~% to 10~ and
107 to 1079, for first, second and third case respectively.

Finally, it can easily be seen that the AE for removed individualsR(t)
lies between 107% to 10, for each case. These all values of AE for
each case for nonlinear mathematical model of COVID-19 provide the
efficiency and correctness of designed stochastic SCGNNSs approach.



Z. Sabir et al.

5. Conclusions

In this paper, the nonlinear mathematical model of COVID-19 has
been studied subject to seven classes of human population. The COVID-
19 nonlinear mathematical model represented by system of ordinary
differential equations with suitable initial conditions. This nonlinear
system of ODEs has been investigated by using scaled conjugate gradient
neural network (SCGNNSs) and has been studied for three different cases
of initial conditions with suitable values of physical parameters.
Furthermore, the numerical computations has been carried out by using
stochastic computing SCGNNs for verifications purpose based on sample
statistics, testing and training. For this purpose, 70%, 16% and 14% data
has selected for training, testing and validations respectively. The
exactness and efficiency of stochastic SCGNNSs approach has been vali-
dated by Runge-Kutta method. The obtained results have been illus-
trated graphically using error histograms, mean square error correlation
and regression. The efficiency and correctness of proposed stochastic
SCGNNSs approach has been witnessed from numerical simulations. The
ease in implementations of SCGNNSs, simple concept, extendibility and
applicability for still and non-stiff problems are other noticeable ad-
vantages of the proposed approach.

In future, the stochastic numerical SCGNNs approach can also be
used to study the same mathematical model of COVID-19 in terms of
non-integers derivative. Moreover, the proposed scheme will be imple-
mented to solve various differential models [41-44].
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